We discuss some Carleman type inequalities which lead to a strong unique continuation property for Dirac operators with potential dominated by the Coulomb singularity.
§ 1. Introduction
Let 09,7 = 1,2,3, ft -OCQ be anticommuting matrices which satisfy the following relations.
(1.1) a / = a 7» a, 2 = /, a/a* 4-a*a/ = 0, j¥=k.
The Dirac equation which describes free relativistic electrons is represented by where 7/o is given explicitly by the 4 x 4 matrix-valued differential expression 3 7/0 = -tnc V^ u,jd Xj + otQmc 2 .
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Here, c is the speed of light, m is a mass of a particle and n is the Planck's constant. More in general, let a/,y' = 0, . . .« be NxN symmetric matrices which form a basis of the Clifford algebra. Namely, they satisfy (1.1). It is known that N is in the set DZ, where D = 2 . Throughout this paper, we only consider the irreducible cases. Namely, we assume that (1.2) JV
The (^-dimensional) Dirac operator with which we are concerned is
which satisfies
L 2 = -AL
Let Q be a domain of R" containing the origin. We consider two problems for strong unique continuation property. The one concerns the differential inequality ( 1 .4) \Lu
(x) | < | V(x)u(x) | x e Q
and the other is about the differential equation
In both cases, the singular matrix potential V satisfies
There are many works concerning the unique continuation properties for single elliptic equations or for elliptic diagonalizable systems. For general elliptic systems, however, we have only few works (c.f. [5] ).
We note first that a simple calculation shows that
The multiplicity of the characteristics becomes higher and higher as the space dimension becomes large. This causes some difficulty in the study for the Dirac operator by using the matrix diagonalization method. Furthermore, the presence of a singular potential makes the problem more complicated. To overcome these difficulties, we shall use eigenfunction expansions. The Dirac operator has solutions corresponding to both positive energy and negative energy. The potential V is assumed to satisfy, roughly speaking, that the multiplication operator V transforms only a few negative states into positive states when the absolute value of energy is high. We shall see that this assumption ensures the strong unique continuation property. We hope that our study throws new light on those problems for general elliptic systems.
The plan of our paper is as follows. We first state the results for the general space dimension in Section 2. When the space dimension is equal to two or three, we can improve them. The precise results will be stated in Section 3. In Sections 4-6, we shall give their proofs. In the final section, some negative results will be presented.
§2. The General Space Dimension
Our first result is as follows. Let W be a spherically symmetric scalar potential such that
We denote the operator norm in R n for the constant matrix V by \\V\\. [7] , [8] , [4] , [9] , [10] ). Moreover, we have counterexamples to SUCP when n = 2 and C 2 > 1, ( [2] ), and in the higher dimensional case, except for n = 3, if €2 is sufficiently large ( [15] ).
In view of the relation AIu = -LLu, we can translate the negative results for the Laplacean to the cases for the Dirac operator. Especially, when n = 2, there is a counterexample which shows that the best constant C appearing in Theorem 2.2 should be less than one. See the section 7 for the detail. Furthermore, our Theorem 2.2 shows that we can take ||K(x)|| eL / "' c°0 (^), which is the best possible choice in the scale of the L p spaces. We shall prove this fact at the end of Section 7 using an adaptation of a famous counterexample of D. Jerison and C. Kenig ( [7] ). §3. Low Dimensional Cases When the space dimension is equal to two or three, we have more precise results. We begin with two dimensional case.
We define Pauli matrices, which are 2x2, by 1 0
The two dimensional Dirac operator is given by
The potential we consider is a two by two matrix having the following form. We note that Theorem 3.1 does not follow from the result for the Laplacian because the potential is not regular sufficiently.
Next, we turn to the three dimensional case. When n = 3, (1. We define two subsets A and Z of {1,2, 3,4} 2 by
£ = {(ij): (iJ)tA and (i -I,; -1) M}-
Let Q be a domain of R 3 containing the origin. Let W be a 4 x 4 matrix whose components Wy are spherically symmetric and, moreover, they satisfy First of all, we recall the fundamental facts about the properties of the Dirac operator (c.f. [6] 
Since where A is the Laplace-Beltrami operator on the unit sphere S"" 1 , we have
We know that the eigenvalues of -A are k(k + n -2), k = 0,1,2, Therefore, it turns out that the eigenvalues of G are a subset of Z. In particular, when n = 2, the spectrum of G is equal to Z. When « > 3, it coincides with the set Z\{-1, -2,... ,2 -n}. Let ^ be the vector space of harmonic C m -valued polynomials of degree k, and let J^^ be its restriction on S"~l. J^k is the eigenspace of -AI that corresponds to the eigenvalue
Now, we establish a crucial relation between A and G.
Lemma 4.1.
Proof. A simple calculation shows that
This implies the conclusion. for 1 e 27. We will show that the equation of (4.3) corresponding to k has a better estimate for the negative A than for the positive /I (Lemma 4.3). To utilize this fact, we divide those equations corresponding to the negative A's by a large positive constant M which will be determined later. This simple trick leads to the condition on the potential V which concerns the interaction of the projection operator II f with the multiplication by V. Let u e W^(Q) N be a solution to Lu+ Vu = Q and assume that it vanishes of infinite order at the origin. Set
Uj(y,a>) =
Here, we take J? to be a large positive number such that the support of Uj (\og\x\, co) is a compact set of Q. The standard limiting argument implies that the Carleman inequality (4.7) is still valid for Uj. Applying the inequality (4.7) to Uj, we see that there exists a positive constant y 0 such that for any y>7 0 in N+l/2, L2w iJ/x^«)i This completes the proof of Theorem 2.1. Now, we turn to the proof of Theorem 2.2. The analogous argument to that in the preceding proof yields the following Carleman-type estimate. 
5.1)
A = *ia>i+(i2(*>2=^e i( , Q P can be represented by
Since A 1 -I, the last expression is equal to
where we have used the relation
In what follows, we denote We shall use the following notation.
Let Qk be the projection on the subspace spanned by e~i he of L 2 (S 1 ). Define
When the space dimension is two, the condition (4.4) can be translated as follows. We assume that the potential V satisfies that there exist a nonnegative integer / and two positive constants e, e' and a positive constant C such that Here, (f) k stands for the k-th Fourier coefficient of
Let / be a large positive number for which the condition (5.2) and (5.3) hold. We divide each of the above summations into two parts: for any f(y) e CQ°(R) if y eN + | is greater than J + 1. Let M be another positive large constant which will be determined later. By virtue of (5.7) The assumption (3.7) on the potential enables us to prove the following result. If we admit this proposition, the conclusion of Theorem 3.3 is easily verified by the analogous argument to the one in the two dimensional case.
We turn to the proof of Proposition 6.1. We claim that for a 2 x 2 diagonal matrix T -diag|Ti, 7^] whose components are spherically symmetric and 7} belong to L°°(S 2 ), we can easily verify the following result. Proof of Theorem 7.1. As mentioned in the section 2, we will show that our result cannot be greatly improved.
First of all, we recall the result due to S. Alinhac and M. S. Baouendi. Let £ be an arbitrarily small positive number. They constructed in [2] 
